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Abstract: In this paper, we consider a problem that is due to Bruno De Finetti. The risk is described 
as the classical risk process with constant interest force. Dividends are paid according 
to a constant dividend barrier strategy. When the process reaches the barrier, all the 
premium income no longer goes into the surplus but is paid out as dividends to shareholders. 
Using the Markov property of the risk process, we obtain the explicit expression for the 
expectation of aggregate discounted dividends until ruin. 
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1 = Introduction 


Let (Q, 3, P) be a complete probability space containing all subjects defined in the following. 
Let U(t) denote the surplus process of the company, if no dividends were paid. Then the surplus 
follows the following dynamics 


dU (t) = cdt + U (t) - rdt —dZ(t), U(0) =u, (1) 


where u > 0 is the initial capital, c > 0 is the constant rate of premium income, r > 0 is the 
constant interest force, and Z(t) = Dale Zk, where {N(t), t > 0} is a Poission process with 
intensity À > 0, {Zk}k>1 is a sequence of nonnegative iid. random variables, with common 
distribution F and density function f. 

Let To denote the time of ruin, i.e., 


To = inf{t > 0; U(t) < 0} (co. otherwise) (2) 


For each u > 0, we denote by P” the probability on (Q, F% ) generated by the surplus process 
with P“(U(0) = u) = 1. By Theorem 32 of [1], the surplus process in (1) is a homogeneous 
strong Markov process possessing right continuous paths with respect to P”. 

We now consider a problem that is due to Bruno De Finetti. Suppose the above surplus 
model is extended by the introduction of a constant dividend barrier 6. When the surplus 
process reaches the level b, all the income no longer goes into the surplus but is paid out 
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as dividends to shareholders. Thus, when the modified surplus process attains the level b, it 
remains there until the next claim occurs. We denote the modified surplus process as U(t). Let 
D(t) denote the aggregate dividends until time t, ô > 0 the force of interest for valuation, and 
let D denote the present value of all dividends until ruin 


T 
A = 
D= [ eta D(t), (3) 


where T = inf{t > 0; U(t) < 0} is the ruin time for the modified process. Evidently ruin will 
occur with certainty in this case. 
For 0 < u < b, we use the symbol V,(u) denote the expectation of D. 


V,(u) = E[D | U(0) = u]. (4) 


In section 2, we obtain the explicit expression for V,(u). The ideas and methods we used are 
adopted form [2, 3, 4]. 


2 The expectation of aggregate discounted dividends 
First, we introduce some notations. We denote 
P*(Tp > t, U(t) € dx) = H(t, u, x)dx (5) 


and the Laplace transform of H(t, u, x) as Hy.(6) = ie et H (t, u, x)dt for ô > 0. 


Then for t < tz, H(t, u, x) = 0, where tz = tln a. From [2], we have 


Ê, (ô) ae (AF())* (4, u, x) (6) 


for any u > 0, 0 < z < uet + ch e™”dv (that is t > t,x > 0), where F(x) = 1 — F(z), 


fr(6,u, 2) = Ý. frn(6,u, 2). (7) 
n=l 
More specifically, 
À c è c\ ~ +48) § 
fra(6u,z)="(u+ ©)” (2 +S) F(2)I(x > u), (8) 
CO Ly CO Tn—1 
frn(4, u, £) =f dazı f an f den f dYn—1 
u 0 Yn-2 0 
0 
J gr nl, U, £1, Yi, °° ,Tn—1,Yn-1, T, y)dy (9) 


for r > 0 and n > 2. Where 


ALS 

AV" Ty (Ye-1 +£)” 

Ir n (0, U, £1, Yi," En, Yn) = (£) 1 ae S (te — Yk) (10) 
kzi (zu +$) * 


NO.6 Ma Jianjing, Wu Rong: Barrier Strategy for the Risk Process with Constant Interest Force 1135 


with yo = u, and I(-) denoting the indicator function. For b > u > 0, let T, denote the time 
that the surplus process (1) first reaches level b, i.e. 


T, = inf{t > 0; U(t) > b}. (11) 


We first present a lemma: 
Lemma 2.1 Ford >0,0<u<a, 


B(0, blu) := E” [eo < To)| = mie (12) 

where 
K(u) = he(6,u) + (u + =) a (13) 
hy (6,u) = r(AF(b)) (0 73 <) ee f-(5,u, b). (14) 


Proof Set t, = 1 lIn Ste = +E =, which is the time the surplus (1) reaches the barrier b, provided 
there is no claim by shen Fort = te, we now consider P”(To > t, Te E (t,t+dt]). Resort to the 
strong Markov property of the process, we can see by using similar arguments as [3], that for 
t > te, P“(I > t, Te € (t,t + dt]) has density function. We denote it as fu b(t) and its Laplace 
transform as f,,,5(5) = fre e~* fu 4(t)dt. Also we can get that 


(br + c)Hu.o(5) = (br + cle O+)* Ay (5) + (br + ©) f (5) fo,4(5) + falô). (15) 


Substituting tp = i In F in the above equation, we see that 


(br +o fA - ($45) O) 


fu,o(5) = 1+ (br + c) feb (8) 


(16) 
Therefore, we have 


B(0,blu) = EX[e I(T, < To)] = | e7% fu o(t)dt + e7% P(T, = ty, To > Th) 


ty 


—Até 


_ rtou- (FE) O] $$?" Puf NIO, to] =0) 
1+ (br + w 


(br + 0) Hy,p(5) + Cay 
1+(or+ c) Aaa (ô) 


Using (6), (13) and (14), we see that (12) holds true. This ends the proof. 
Remark Let r — 0 in (16), we can see that it corresponds to fu ,a(a) in [2], which has the 
same meaning as fu,p(6) in our paper. 
Theorem 2.1 
K(u) 


V (u) = KO for O<u<b. (17) 
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Proof Since no dividends are paid unless the surplus reaches the level b before ruin occurs, 


we have 
Vi(u) = EX [eo I(T, < To)|Vo(b) = B(0,b | u)Va(b), for O<usd. (18) 


To determine V(b), we need a boundary condition at u = b. To obtain it, we compare two 
situations at time 0: one with initial surplus b, and the other with initial surplus u = b — h, 
0<h <b. Then to = 1 ln re z is the time the surplus reaches the barrier in the second case, 
provided that there is no claim by then. By conditioning on the time t and the amount x of 
the first claim in the interval (0, to), and noting that the dividend payments start immediately 
in the first case. Using strong Markov property, we see that 


V(b) — Va(b—h) = [2 = aaa [Zee n En r V(b — x)f(z)dz] 


to (b-h+£ er —£ 
—ôv j i C\ rv c —dv 
-f e f v((b-h+ “Je < - x) f(z)dz)e™™ dv. (19) 
Differentiating it with respect to h and then setting h = 0, we obtain the condition 


dV, (u) ie 
du u=b =l (20) 


Differentiating (18) with respect to u, then setting u = b and applying (20) yields 


B00, | u)lu=b ? V(b) EN 


Hence 
vb) = [B0 b wl] = aa. (21) 


From (18), (21) and Lamma 2.1, we see that (17) holds true. This ends the proof. 
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